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Graphical	
  Model	
  

•  Graphical	
  model	
  is	
  a	
  probabilis*c	
  model	
  for	
  
which	
  a	
  graph	
  denotes	
  dependency	
  and	
  
independency	
  rela*onships	
  between	
  random	
  
variables	
  	
  (e.g.	
  disease	
  –	
  symptom)	
  

•  Typical	
  models:	
  hidden	
  Markov	
  models,	
  
Bayesian	
  networks,	
  Markov	
  networks	
  

•  ApplicaIons:	
  speech	
  recogni*on,	
  
bioinforma*cs,	
  image	
  processing,	
  medical	
  
informa*cs,	
  robo*cs,	
  computer	
  vision	
  



An	
  Example	
  



Real	
  World	
  Process	
  

Source	
  

Signal	
  

Discrete	
  signals:	
  characters,	
  nucleo*des,…	
  

ConInuous	
  signals:	
  speech	
  samples,	
  music	
  
temperature	
  measurements,	
  music,…	
  

StaIonary	
  source:	
  its	
  sta*s*cal	
  proper*es	
  
does	
  not	
  vary.	
  	
  
NonstaIonary	
  source:	
  the	
  signal	
  proper*es	
  
vary	
  over	
  *me.	
  	
  
	
  

Signal	
  can	
  be	
  pure	
  (from	
  a	
  single	
  source)	
  
or	
  be	
  corrupted	
  from	
  other	
  sources	
  (e.g	
  	
  
Noise)	
  



Discrete	
  Markov	
  Process	
  
•  Consider	
  a	
  system	
  described	
  at	
  any	
  *me	
  as	
  
being	
  in	
  one	
  of	
  a	
  set	
  of	
  N	
  dis*nct	
  states,	
  S1,	
  
S2,	
  …,	
  SN.	
  	
  

S1	
   S3	
  

S2	
  

S5	
   S4	
  

a11 

a22 

a33 

a44 
a55 

a21 
a32 

a34 a51 
a41 

a35 a54 

a45 

At regularly spaced discrete times, the system undergoes a change of 
state according to a set of probabilities. 



DefiniIon	
  of	
  Variables	
  
•  Time	
  instants	
  associated	
  with	
  state	
  changes	
  as	
  t	
  =	
  1,	
  
2,	
  ….,T	
  

•  Observa*on:	
  O	
  =	
  x1x2…xT	
  
•  Actual	
  state	
  at	
  *me	
  t	
  as	
  yt,	
  yt	
  ϵ	
  {S1,	
  S2,	
  …,	
  Sj,	
  …,	
  SM}	
  	
  
•  A	
  full	
  probabilis*c	
  descrip*on	
  of	
  the	
  system	
  requires	
  
the	
  specifica*on	
  of	
  the	
  current	
  state,	
  as	
  well	
  as	
  all	
  
the	
  predecessor	
  states.	
  

•  The	
  first	
  order	
  Makov	
  chain	
  (trunca*on):	
  
	
  	
  	
  	
  	
  P[yt	
  =	
  Sj	
  |	
  yt-­‐1	
  =	
  Si,	
  yt-­‐2	
  =	
  Sk,	
  …]	
  =	
  P[yt	
  =	
  Sj	
  |	
  yt-­‐1	
  =	
  Si].	
  
•  Further	
  simplifica*on:	
  state	
  transi*on	
  is	
  independent	
  of	
  *me.	
  	
  	
  	
  	
  

aij	
  =	
  P[yt	
  =	
  Sj	
  |	
  yt-­‐1	
  =	
  Si],	
  1	
  <=	
  i,	
  j	
  <=	
  N,	
  subject	
  to	
  constraints:	
  	
  
	
  	
  	
  	
  	
  aij	
  >=	
  0	
  and	
   1

1
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Web	
  as	
  a	
  Markov	
  Model	
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Hidden	
  Markov	
  Models	
  

•  Observa*on	
  is	
  a	
  probabilis*c	
  func*on	
  of	
  the	
  
state.	
  

•  Doubly	
  embedded	
  process:	
  Underlying	
  
stochas*c	
  process	
  that	
  is	
  not	
  observable	
  
(hidden),	
  but	
  only	
  be	
  observed	
  through	
  
another	
  set	
  of	
  stochas*c	
  processes	
  that	
  
produce	
  the	
  sequence	
  of	
  observa*ons.	
  	
  



A	
  Dice	
  Throwing	
  Example	
  





Puzzles	
  about	
  Dishonest	
  Casino	
  



From	
  StaIc	
  to	
  Dynamic	
  Mixture	
  
Model	
  



Hidden	
  Markov	
  Models	
  



An	
  HMM	
  is	
  a	
  StochasIc	
  GeneraIve	
  
Model	
  



DefiniIon	
  of	
  HMM	
  



Dishonest	
  Casino	
  Model	
  



Three	
  Main	
  QuesIons	
  on	
  HMMs	
  



Joint	
  Probability	
  



Probability	
  of	
  a	
  Parse	
  

T 



An	
  Example:	
  Dishonest	
  Casino	
  



An	
  Example:	
  Dishonest	
  Casino	
  



An	
  Example:	
  Dishonest	
  Casino	
  



Marginal	
  Probability	
  



The	
  Forward	
  Algorithm	
  

T 



LaWce	
  View	
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The	
  Forward	
  Algorithm	
  -­‐	
  DerivaIon	
  



Matrix	
  View	
  (ImplementaIon)	
  



The	
  Forward	
  Algorithm	
  



Time	
  Complexity	
  

•  The	
  computa*on	
  is	
  performed	
  for	
  all	
  states	
  i,	
  
for	
  a	
  given	
  *me	
  t;	
  the	
  computa*on	
  is	
  then	
  
iterated	
  for	
  t=1,2,…T-­‐1.	
  Finally	
  the	
  desired	
  is	
  
the	
  sum	
  of	
  the	
  terminal	
  forward	
  variable	
  aTi.	
  
This	
  is	
  the	
  case	
  since	
  aTi	
  =	
  P(x1x2…xT,	
  yTi	
  =	
  1|λ).	
  	
  

•  Time	
  complexity:	
  M2T.	
  	
  



Insights	
  

•  Key:	
  there	
  are	
  only	
  M	
  states	
  at	
  each	
  *me	
  slot	
  
in	
  the	
  lagce,	
  all	
  the	
  possible	
  state	
  sequences	
  
will	
  merge	
  into	
  these	
  M	
  nodes,	
  no	
  maher	
  how	
  
long	
  the	
  observa*on	
  sequence.	
  	
  

•  Similar	
  to	
  Dynamic	
  Programming	
  (DP	
  trick).	
  



The	
  Backward	
  Algorithm	
  



Backward	
  Algorithm	
  

…
 

S1 
 S2 

SM 
t 
β ti 

t+1 
βt+1

j 

ai1 
ai2 

aiM 



The	
  Backward	
  Algorithm	
  -­‐	
  DerivaIon	
  



The	
  Backward	
  Algorithm	
  



An	
  Example	
  



An	
  Example	
  

	
  
π1	
  =	
  π2	
  =	
  0.5	
  
	
  





ImplementaIon	
  Issue:	
  Scaling	
  
•  To	
  compute	
  ati	
  and	
  bti,	
  Mul*plica*on	
  of	
  a	
  large	
  number	
  of	
  

terms	
  (probability),	
  value	
  heads	
  to	
  0	
  quickly,	
  which	
  exceed	
  
the	
  precision	
  range	
  of	
  any	
  machine.	
  

•  The	
  basic	
  procedure	
  is	
  to	
  mul*ply	
  them	
  by	
  a	
  scaling	
  
coefficient	
  that	
  is	
  independent	
  of	
  i	
  (i.e.,	
  it	
  depends	
  only	
  on	
  
t).	
  	
  Logarithm	
  cannot	
  be	
  used	
  because	
  of	
  summa*on.	
  But	
  
we	
  can	
  use	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  Ct	
  will	
  be	
  stored	
  for	
  the	
  *me	
  points	
  when	
  the	
  scaling	
  is	
  

performed.	
  Ct	
  is	
  used	
  for	
  both	
  ati	
  and	
  bti.	
  The	
  scaling	
  factor	
  
will	
  be	
  canceled	
  out	
  for	
  parameter	
  es*ma*on.	
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What	
  is	
  the	
  probability	
  of	
  a	
  hidden	
  
state	
  predicIon?	
  	
  



Posterior	
  Decoding	
  



Viterbi	
  Algorithm	
  



Viterbi	
  Algorithm	
  -­‐	
  derivaIon	
  



InducIon	
  

…
 

S1 
 S2 

SM 
t 

Vt
i 

t+1 
Vt+1

j 

Sj 

a1j 
a2j 

aMj 

Choose the transition step yielding the maximum probability. 

Si aij 



Viterbi	
  Algorithm	
  



Matrix	
  View	
  (ImplementaIon)	
  
 
π1b1(x1) 

State 
(i) 

Time (t) 
1       2   …                                                                        T 

1 
 
2 
 
 
 
 
 
 
M 

vt
i: the max probability of 

observing x1…xt and staying in 
state i. Fill the matrix column by column  



Viterbi	
  VS.	
  MPA	
  



ComputaIonal	
  Complexity	
  and	
  
ImplementaIon	
  Issues	
  



Three	
  Main	
  Problems	
  on	
  HMMs	
  



Learning	
  HMM:	
  two	
  scenarios	
  



Supervised	
  ML	
  EsImaIon	
  



Maximum	
  Likelihood	
  Problems	
  



Pseudo-­‐counts	
  



Unsupervised	
  ML	
  esImaIon	
  



Baum-­‐Welch	
  Algorithm	
  
•  Defini*on:	
  ξt(i,j),	
  the	
  probability	
  of	
  being	
  in	
  
state	
  Si	
  at	
  *me	
  t	
  and	
  state	
  Sj	
  at	
  *me	
  t+1,	
  
given	
  the	
  model	
  and	
  observa*on	
  sequence,	
  
i.e.	
  ξt(i,j)	
  =	
  P(yti=1,	
  yt+1j=1|X,λ)	
  

Si	
   Sj	
  …
 

…
 

t-1 t t+1 t+2 
at

i βt+1
j 

aijbj(xt+1) 



From	
  the	
  defini*ons	
  of	
  the	
  forward	
  and	
  backward	
  
variables,	
  we	
  can	
  write	
  ξt(i,j)	
  in	
  the	
  form:	
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Important	
  QuanIIes	
  

•  γti	
  is	
  the	
  probability	
  of	
  being	
  in	
  state	
  Si	
  at	
  *me	
  t,	
  given	
  
the	
  observa*on	
  and	
  the	
  model,	
  hence	
  we	
  can	
  relate	
  γti	
  
to	
  ξt(i,j)	
  by	
  summing	
  over	
  j,	
  giving	
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= expected number of transitions from Si. 

= expected number of transitions from Si to Sj. 



Re-­‐esImaIon	
  of	
  HMM	
  parameters	
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A set of reasonable re-estimation formulas for π, A, and B are: 
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γ

= expected frequency (number of times) in state Si at time (t=1) = γ1(i) 

Expected number of transitions from state Si to state Sj 

Expected number of transitions from state Si. 

bj(k) = 
expected number of times in state j and observing symbol vk  

expected number of times in state j  



Baum-­‐Welch	
  Algorithm	
  

•  IniIalize	
  model	
  λ	
  =	
  (A,B,π)	
  	
  
•  Repeat	
  
E-­‐step:	
  Use	
  forward/backward	
  algorithm	
  to	
  expected	
  
frequencies	
  (γ,	
  ξ),	
  given	
  the	
  current	
  model	
  λ	
  and	
  O.	
  

M-­‐step:	
  Use	
  expected	
  frequencies	
  to	
  compute	
  the	
  
new	
  model	
  λ.	
  

If	
  (λ	
  =	
  λ),	
  stops,	
  otherwise,	
  set	
  λ	
  =	
  λ	
  and	
  go	
  to	
  repeat.	
  
	
  The final result of this estimation procedure is called a maximum 

likelihood estimate of the HMM. (local maxima) 



Local	
  OpImal	
  Guaranteed	
  

If	
  we	
  define	
  the	
  current	
  model	
  as	
  λ=(A,B,π)	
  and	
  
use	
  it	
  to	
  compute	
  the	
  new	
  model	
  λ=(A,B,π),	
  it	
  
has	
  been	
  proven	
  by	
  Baum	
  et	
  al.	
  that	
  either	
  1)	
  
ini*al	
  model	
  λ	
  defines	
  a	
  cri*cal	
  point,	
  in	
  which	
  
case	
  λ	
  =	
  λ;	
  or	
  2)	
  λ	
  is	
  more	
  likely	
  than	
  λ	
  in	
  the	
  
sense	
  that	
  P(O|	
  λ)	
  >	
  P(O|	
  λ),	
  i.e.,	
  we	
  have	
  
found	
  a	
  new	
  model	
  λ	
  from	
  which	
  the	
  
observa*on	
  sequence	
  is	
  more	
  likely	
  to	
  have	
  
been	
  produced.	
  	
  



P(X|λ) 

λ 

Local Maxima 

Global Maxima 

Local Maxima 

Hill Climbing 

Likelihood monotonically crease per iteration until it converges to local 
maxima. 



P(X|λ) 

Likelihood monotonically increases per iteration until it converges to local 
maxima. It usually converges very fast in several iterations.  

Iteration 



ApplicaIons	
  of	
  HMM	
  



A	
  Typical	
  Gene	
  Structure	
  



GeneScan	
  (Burge	
  and	
  Karlin)	
  



HMM	
  Demo	
  (HHMVE)	
  

J.	
  Dai,	
  J.	
  Cheng.	
  	
  HMMEditor:	
  A	
  Visual	
  EdiIng	
  Tool	
  for	
  Profile	
  Hidden	
  Makov	
  
Model.	
  BMC	
  Genomics.	
  2008	
  


