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Your first consulting job

* A billionaire from the suburbs of Seattle asks you a
question:

— He says: | have a coin, if | flip it, what’s the probability it
will fall with the head up?

— You say: Please flip it a few times:




Your first consulting job

* A billionaire from the suburbs of Seattle asks you a
question:

— He says: | have a coin, if | flip it, what’s the probability it
will fall with the head up?

— You say: Please flip it a few times:

- Your answer: 3/5
- He says: Why?
- You say: Because



Bernoulli distribution

 P(Heads)=0, P(Tails)=1-0

* Flipsarei.i.d.:

— Independent events
— Identically distributed according to Bernoulli distribution

Choose 0 that maximizes the probability of observed data




Maximum Likelihood Estimation

Choose 0 that maximizes the probability of observed data

é\MLE — argm@ax P(Dl@)



Maximum Likelihood Estimation

Choose 0 that maximizes the probability of observed data

Ovrip = arg max P(D | 6)
Binomial Distribution

P(D|6) = Hp(xilé’) = P(H) *P(T) *P(H) * P(H) » P(T) = 6°H(1 - 6)“T

i=1 /
logP(D|0) = aylogl + arlog(1l—0) \
f(©)

dlogp(D|@) _ ay _ ar -0
do 8 1-0 >

ay — (ay +ap)0 =0



Maximum Likelihood Estimation

Choose 0 that maximizes the probability of observed data

i = arg max P(D | 6)

IVILE of probability of head:

"Frequency of heads"”



How many flips do | need?

i
X —|— T

OrviE =

Billionaire says: | flipped 3 heads and 2 tails.

You say: 6 = 3/5, | can prove it!

He says: What if | flipped 30 heads and 20 tails?

You say: Same answer, | can prove it!

He says: What’s better?

You say: Hmm... The more the merrier???

He says: Is this why | am paying you the big bucks???



Slmple bound (Hoeffding’s inequality)

XH

* Forn=oayt+og, and 0y, p = i
QH T aT

* Let O" be the true parameter, for any £>0:

P(|6—0F|>¢) < 2e2n€



PAC Learning

* PAC: Probably Approximate Correct

 Billionaire says: | want to know the coin parameter 6,
within € = 0.1, with probability at least 1-0 = 0.95.
How many flips?

P(|6—0"|>¢) < 2e2n€

Sample complexity

In(2/6)
"2 nQeé

Homework assignment 1: derive the bound for n given €, 6




What about prior knowledge?

* Billionaire says: Wait, | know that the coin is “close” to

50-50. What can you do for me now?

* You say: | can learn it the Bayesian way...

» Rather than estimating a single 6, we obtain a

distribution over possible values of 0

P(0)

Before data

50-50

=

P(6|D)

After data




Bayesian Learning

* Use Bayes rule:

PO |D) =

* Or equivalently:

P(D | 6)P(6)

P(D)

PO | D) x P(D]|6)P(H)

posterior

likelihood prior

Bayes, Thomas (1763) An essay
towards solving a problem in the
doctrine of chances. Philosophical
Transactions of the Royal Society of
London, 53:370-418



Prior distribution

* What about prior?

— Represents expert knowledge (philosophical approach)
— Simple posterior form (engineer’s approach)

* Uninformative priors:

>
— Uniform distribution Q

* Conjugate priors: 0

— Closed-form representation of posterior
— P(6) and P(6|D) have the same form



Conjugate Prior
 P(6) and P(6|D) have the same form

Eg. 1 Coin flip problem

Likelihood is ~ Binomial
P(D|60) =0U(1 —0)%T
If prior is Beta distribution,
pBu—1(1 — 9)Pr—1
BBy, Br)
Then posterior is Beta distribution
P(0|D) ~ Beta(By + oy, Br + ar)

P(0) = ~ Beta(B, Br)



Beta distribution

Beta(By, Br) More concentrated as values of [3,,, B; increase
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Beta conjugate prior

P(0) ~ Beta(B, Br) P(8|D) ~ Beta(By + ay, Br + ar)
= sasz2) | Betal2,3) s i
14}
5
12}
w_g 1t §4.
ool i
2.
04}
02} 1
% o2 p:;fm oor \g}ﬂ” 08 1 % o2 . a%n - &lfue 08 1 % o2 pgg:n 8 0.8

Asn =0y + O
Increases

As we get more samples, effect of prior is “washed out”



Conjugate Prior
* P(0) and P(0|D) have the same form

Eg. 2 Dice roll problem (6 outcomes instead of 2) RN
Likelihood is ~ Multinomial(6 = {6, 0,, ..., 6,})
P(D|6) =0671652...0,*
If prior is Dirichlet distribution,

[Te_, 001
B(B1,-- -, Bk)

Then posterior is Dirichlet distribution

P(0|D) ~ Dirichlet(By + aq,..., B + o)

P(0) = ~ Dirichlet(81,...,8)

For Multinomial, conjugate prior is Dirichlet distribution.



Maximum A Posteriori Estimation

Choose 0 that maximizes a posterior probability
Oryap = arg max P(6 | D)
= arg meax P(D |0)P(0)

MAP estimate of probability of head:
P(0|D) ~ Beta(By + ay, Br + ar)

ag+ By — 1 Mode of Beta
ay + By + ap + Bp —2  distribution

Orviap =



MLE vs. MAP

e Maximum Likelihood estimation (MLE)

Choose value that maximizes the probability of observed data

Or1 = arg m@ax P(D|6)

e Maximum a posteriori (MAP) estimation

Choose value that is most probable given observed data and
prior belief

Orap = arg max P(6]D)

= arg rngax P(D|0)P(6)

When is MAP same as MLE?



MAP using Conjugate Prior
Ovap = arg meax P60 | D) = arg mgax P(D | 0)P(0)

Coin flip problem

Likelihood is ™ Binomial

P(D|0) = 0%H (1 — §)°T

If prior is Beta distribution,
P(0) o< 07171 (1 = )17 ~ Beta(Byr, Br)
Then posterior is Beta distribution

P(0|D) ~ Beta(By + oy, Br + ar)

For Binomial, conjugate prior is Beta distribution.
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A few beta probability distributions
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MLE vs. MAP

ap
O -|- aT

Ovie =

What if we toss the coin too few times?
* You say: Probability next toss isa head =0

* Billionaire says: You're fired! ..With prob 1 ©

ag+ Py —1
ag + By + ap + By — 2

* Beta prior equivalent to extra coin flips (regularization)
* As n — oo, prior is “forgotten”
* But, for small sample size, prior is important!

Oviap =



Bayesians vs. Frequentists

You are no
good when
sample is
small

You give a
different

answer for
different
priors




What about continuous variables?

* Billionaire says: If | am measuring a continuous
variable, what can you do for me?

* You say: Let me tell you about Gaussians...

1 —(@—p?
P(x | p,o0) = e 202 =N
oV 2T
H




Gaussian distribution

\\\\\..
._-—7- TN Y YW --‘\T‘
_ 00,0,
Data, D=+ % S,
3 4 5 6 7 8 9 Sleep hrs

* Parameters: 1 —mean, G- variance

* Sleep hrs are i.i.d.:
— Independent events

— Identically distributed according to Gaussian
distribution



Properties of Gaussians

 affine transformation (multiplying by scalar
and adding a constant)
— X~ N(u,6?)
—Y=aX+b— Y~ N(au+b,a’c?)

e Sum of Gaussians
- X" N(“X/GZX)
-Y" N(HY;GZY)
— Z=X+Y — Z~ N(py Ly, 6%,+62)



MLE Estimate of Gaussian

* Find u, o?that maximize P(D|u, o?)



MLE Estimate of Gaussian

* Find u, o?that maximize P(D|u, o?)

(xl_u)
P(D|u,c?) = HP(xl|u o?) = 1_[ " 202
27w

—u)?

202

n o p n |
log P(Dlu,0%) = Z(—log(\/ﬁa) - (xLZJZu Yy = —nlog(VZmo) Z b
=1 i=1

dlog P(D|u,0%) _ _yn -2(x—u) _ +H XL xi-nu
du - - -

Z?:l Xi- nu = 0



MLE for Gaussian mean and variance

1 mn
AMLE = — Y ¥
n,—1
2 1¢ 2
OMLE — ;Z(CI%—M)
i=1

Note: MLE for the variance of a Gaussian is biased

— Expected result of estimation is not true parameter!

— Unbiased variance estimator:

1 n
~2 _ ~\2
Tunbiased — o — Z (CBz — .U)
=1



MAP for Gaussian mean and variance

* Conjugate priors
— Mean: Gaussian prior
— Variance: Wishart Distribution

 Prior for mean:

1 —(u—n)?
P(p|n,A) = e 22*  =NMn,1?)

A 2T




MAP for Gaussian Mean

1 n
AMLE = — )

n.__

1=1

15w 1
~ . 02273=1x’& 22 (Assuming known
AvMAp =

+ 1 variance ¢?)



What you should know...

* Learning parametric distributions: form known,
parameters unknown

— Bernoulli (0, probability of flip)
— Gaussian (i1, mean and 2, variance)

* MLE
* MAP



What loss function are we minimizing?

Learning distributions/densities

Task: Learn P(X;0) = Learn §  (know form of P, except 0)

Experience: D={ X;}* | ~ P(X;0)

Performance:  max P(D|6)
0

mgin —log P(D|0)

. 1 ¢
in > —log P(X;]0) Negative log
1=11 ' Likelihood loss
\Ioss(Xz-,O)




Learn a Probabilistic Classifier

Task: Predict whether or not a picnic spot is enjoyable

Training Data:  X=(X; X, X3 .. .. Xy Y

Sky Temp Humid Wind Water Forecst | EnjoySpt

Sunny Warm Normal Strong Warm Same Yes
Sunny Warm High Strong Warm Same Yes
Rainy Cold High Strong Warm Change No
Sunny Warm High Strong Cool Change| Yes

N rows

Lets learn P(Y|X) — how many parameters?

Prior: P(Y =y) for all y K-1if K labels
Likelihood: P(X=x|Y =y) forallx,y (29— 1)K if d binary features



Learning the Optimal Classifier

Task: Predict whether or not a picnic spot is enjoyable

Training Data:

N rows

X=(X;, X, X5 a o XYY
Sky Temp Humid Wind Water Forecst | EnjoySpt
Sunny Warm Normal Strong Warm Same Yes
Sunny Warm High Strong Warm Same Yes
Rainy Cold High Strong Warm Change No
Sunny Warm High Strong Cool Change| Yes

Lets learn P(Y | X) — how many parameters?

29K —1 (K classes, d binary features)

Need n >> 29K — 1 number of training data to learn all parameters




Conditional Independence

* Xis conditionally independent of Y given Z:

probability distribution governing X is independent of the value
of Y, given the value of Z

(Ve,y,2)P(X =2|]Y =y, Z =2) = P(X =2|Z = z2)

* Equivalent to:
P(X,Y | 2)=P(X | Z2)P(Y | Z)

* e.g., P(Thunder|Rain, Lightning) = P(Thunder|Lightning)

Note: does NOT mean Thunder is independent of Rain



Conditional vs. Marginal
Independence

C calls A and B separately and tells them a number n €{1,...,10}

Due to noise in the phone, A and B each imperfectly (and
independently) draw a conclusion about what the number was.

A thinks the number was n_ and B thinks it was n,..
Are n_and n, marginally independent?

— No, we expecte.g. P(n,=1| n,=1)>P(n,=1)

Are n_and n, conditionally independent given n?

— Yes, because if we know the true number, the outcomes n,
and n, are purely determined by the noise in each phone.

Pl(n,=1|n,=1,n=2)=P(n,=1| n=2)



Prediction using Conditional
Independence

* Predict Lightening

* From two conditionally Independent features
— Thunder
— Rain

# parameters needed to learn likelihood given L
P(T,R|L) (22-1)2=6

With conditional independence assumption
P(T,R|L) =P(T|L) P(R|L) (2-1)2 + (2-1)2=4



Naive Bayes Assumption

* Nalve Bayes assumption:
— Features are independent given class:

P(X1,X2Y) = P(X1|X2,Y)P(X2|Y)
= P(X1|Y)P(X2|Y)

— More generally:

d
P(X1..X4Y) = [ P(X;|Y)
i=1
 How many parameters now?

* Suppose X is composed of d binary features



Naive Bayes Assumption

* Nalve Bayes assumption:
— Features are independent given class:

P(X1,X2Y) = P(X1|X2,Y)P(X2|Y)
= P(X1|Y)P(X2|Y)

— More generally:

d
P(X1..X4Y) = [[ P(X;]Y)
i=1
* How many parameters now?  (2-1)dK vs. (2¢-1)K

* Suppose X is composed of d binary features



Naive Bayes Classifier

* Given:
— Class Prior P(Y)

— d conditionally independent features X given the class Y
— For each X,, we have likelihood P(X.|Y)

* Decision rule:

Inp(x) = arg max P(xy,...,zq | y)P(y)
d

arg max ] P(zily)P(y)
=1

* |f conditional independence assumption holds, NB is
optimal classifier! But worse otherwise.



Naive Bayes Algo — Discrete features

» Training Data {(XU),y()}n_, x0 = x, ... =Xc(zj))
 Maximum Likelihood Estimates
— For Class Prior ()

— For Likelihood

P(z,y) _\#i: X(J)=xz Y = y}/n
P(y) {#j: YY) =y}/n

P = (x;ly) =

* NB Prediction for testdata X = (z1,...,2,)

P(“%a?!)
Y = P
arg max (y) 7,1;[1 (o)




Subtlety 1 - Violation of NB
Assumption

* Usually, features are not conditionally independent:

P(X1..XgY) # [ PCXIY)

* Nonetheless, NB is the single most used classifier out there

— NB often performs well, even when assumption is violated

— [Domingos & Pazzani '96] discuss some conditions for good
performance



Subtlety 2 — Insufficient training data

* What if you never see a training instance where
X,=a when Y=b?
— e.g., Y={SpamEmail}, X,={"Earn’}
— P(X,=a | Y=b) =0

* Thus, no matter what the values X,,..., X take:
— P(Y=b | X,=a3,X,,...,X4) =0

2
P(X1 = a,X0..Xn|Y) = P(X1 = a|Y) [] P(X/,;\Y)W
1=2

e What now???



MLE vs. MAP

fy
Qg -|- aT

OviLe =

What if we toss the coin too few times?
* You say: Probability next toss isa head =0
* Billionaire says: You're fired! ..With prob 1 ©

apg + By —1
ag+ By +ar+ Br—2

* Beta prior equivalent to extra coin flips
* As N — oo, prior is “forgotten”
* But, for small sample size, prior is important!

Ovap =



Naive Bayes Algo — Discrete features

* Training Data {(X(j),Y(J'))};":]L x0U) = (X(j), . ,Xc(lj))

|H

* Maximum A Posteriori Estimates — add m “virtual” examples

Assume priors
QY =b) Q(X;=a,Y =0)

MAP Estimate

_ oy () — () — _ _
PX; = aly = b) = I X7 =a VI =0} +mQX; = a,¥ =)
{#i:Y0) =b} +mQ(Y =b)

|

# virtual examples
withY =D

Now, even if you never observe a class/feature posterior
probability never zero.



Case Study: Text Classification

Classify e-mails

— Y = {Spam,NotSpam}

Classify news articles

— Y ={what is the topic of the article?}
Classify webpages

— Y = {Student, professor, project, ...}

What about the features X?
— The text!



Features X are entire document — X
for ith word in article

Article from rec.sport.hockey

Path: cantaloupe.srv.cs.cmu.edu'das-news.harvard.e
From: xxx@yyy.zzz.edu (John Doe)

Subject: Re: This year’s biggest and worst (opinic
Date: 5 Apr 93 09:53:39 GMT

I can only comment on the Kings, but the most
obvious candidate for pleasant surprise is Alex
Zhitnik. He came highly touted as a defensive
defenseman, but he’s clearly much more than that.
Great skater and hard shot (though wish he were
more accurate). In fact, he pretty much allowed
the Kings to trade away that huge defensive
liability Paul Coffey. Kelly Hrudey is only the
biggest disappointment if you thought he was any
good to begin with. But, at best, he’s only a
mediocre goaltender. A better choice would be



NB for Text Classification

* P(X]Y)is huge!!!
— Atrticle at least 1000 words, X={X;,...,X1000}

— X represents it word in document, i.e., the domain of X. is entire
vocabulary, e.g., Webster Dictionary (or more), 10,000 words, etc.

* NB assumption helps a lot!!!

— P(X:i=x.| Y=y) is just the probability of observing word x; at the it" position
in a document on topicy

LengthDoc
hyp(x) = argmaxP(y) ]| Plaily)

1=1



Bag of words model

* Typical additional assumption — Position in document doesn’t
matter: P(Xi=x.| Y=y) = P(X,=x;| Y=y)
— “Bag of words” model — order of words on the page ignored

— Sounds really silly, but often works very well!

LengthDoc 14
[ PGily = II Py



Bag of words approach

» All About The Company

™ 4

Global Activities
Corporate Structure
TOTAL's Story
Upstream Strategy
Downstream Strategy
Chemicals Strategy
TOTAL Foundation
Homepage

all about the
company

Our energy exploration, production, and distribution
operations span the globe, with activities in more than 100
countries

At TOTAL, we draw our greatest strength from our
fast-growing oil and gas reserves, Our strategic emphasis
on natural gas provides a strong position in a raptdly
expanding market

Our expanding refining and marketing operations mn Asta
and the Mediterranean Rim complement already solid
posttions in Europe, Afnica, and the U.S.

Our growmng specialty chemicals sector adds balance and
profit to the core energy business.

aardvark
about

all
Africa
apple

anxious

as

e}

o1l

Zaire




Twenty news groups results

Given 1000 training documents from each group
Learn to classify new documents according to
which newsgroup it came from

comp.graphics misc.forsale
comp.os.ms-windows.misc rec.autos
comp.sys.ibm.pc.hardware rec.motorcycles
comp.sys.mac.hardware rec.sport.baseball

comp.windows.x rec.sport.hockey
alt.atheism scl.space
soc.religion.christian scl.crypt
talk.religion.misc sci.electronics
talk.politics.mideast sci.med

talk.politics.misc
talk.politics.guns



Learning curve for twenty news
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What if features are continuous?

Eg., character recognition: X is intensity at it pixel

Gaussian Naive Bayes (GNB): —(w—p;1.)2
1 552
P(X;,=z|Y =y) = e ik

o1V 2T
Different mean and variance for each class k and each pixel i.

Sometimes assume variance

* isindependentofY (i.e., G},
* orindependent of X (i.e., 0,)
* orboth (i.e., o)



Estimating parameters:
Y discrete, X. continuous

N

. A . ~ 1

Maximum likelihood estimates: AMLE = NZ z;
J=1
fig= XISV = )
/ J \ |-—> kth class
oth . 3 .
i pixel in < jth training image
jt" training image
G2 . _ 1 g: (z; — A)'E

unbiased — N_1j=1 g H

1
oY =y) -1

~D .
Oik —

S O(X] i) 20 (YT = yp,)
]



Example: GNB for classitying mental
States [Mitchell et al.]

’.\‘Jllllllll
N |
v

p < 2.2e-005

~1 mm resolution

~2 images per sec.
15,000 voxels/image
non-invasive, safe

measures Blood Oxygen
Level Dependent (BOLD)
recnonse




Gaussian Naive Bayes: Learned Hyoxel word

[Mitchell et al.]

15,000 voxels
or features

10 training
examples or
subjects per
class




Learned Naive Bayes Models -
Means for P(BrainActivity | WordCategory)

Pairwise classification accuracy: 85% Mitchell et al ]

People words =™ = Animal words




What you should know...

Optimal decision using Bayes Classifier

Naive Bayes classifier
— What'’s the assumption
— Why we use it
— How do we learn it

— Why is Bayesian estimation important

Text classification

— Bag of words model

Gaussian NB
— Features are still conditionally independent

— Each feature has a Gaussian distribution given class



